(1-2-1 Namiki Tsukuba, Ibaraki 305-8564), and PRESTO, Japan Science and TechnologyAgency (JST) In this paper, a relationship between the stabilized .finite element method and the bubble function element stabilization method with orthogonal basis is shown for the unsteady and steady Navier-Stokes equations. A two-level three-level formulation with bubble function, a bubble function element stabilization method, is proposed for incompressible viscous flow. The special bubble function with two-level partition is extended as an orthogonal basis bubble function element. The three-level bubble function is applied to derive a stabilized operator control term. The two-level three-level formulation with the bubble function formulation possesses better stability than the Bubnov-Galerkin formulation with the bubble function.
Introduction
It has recently been found the relationshipl) 2) 3) between the stabilized finite element method4)5)6) and the bubble function element7) in the finite element method. In the steady advection diffusion problem, the bubble function element is equivalent to the streamline-upwind/Petrov-Galerkin (SUPG) finite element method with the P1 element. Some researchers have developed advanced bubble function elements for incompressible fluid flow8) 9) 10) 11) The advanced bubble function elements are established using the bubble 'function with a scaling parameter according to the cell Peclet number to attain optimal numerical diffusion. The authors12) 13) have applied this approach to incompressible viscous flow problem using the bubble function element with a stabilized operator control term.
A relationship between the stabilized finite element method and the bubble function element stabilization method is shown for the unsteady and steady problems in this research. A two-level14) threelevel13) 15) 16)formulation with bubble functions, that is, a bubble function element stabilization method13) is proposed for the incompressible Navier-Stokes equations. For the purpose of improvement in stability and accuracy of the calculation, spatial discretization is applied to the mixed interpolations for the velocity and pressure fields by the bubble function element and linear element, respectively. The advanced bubble function formulation, based on the two-level three-level finite element approximation, obtains better stability than the classical bubble function formulation based on the Bubnov-Galerkin approximation7).
In the two-level three-level finite element approximation, the bubble function that orthogonally intersects the basis functions of bubble function element is adopted as a two-level bubble function. The stabilized operator control term is derived from the three-level bubble function.
To improve the efficiency of the calculation, an effective Fractional Step method with implicit time integration is applied to the discretization17) 18) The second order accuracy Adams-Bashforth formulas are used as the linear approximation of advection velocity. The second order linear time integrator is employed to discretize the quasi-linear form in time. As for the numerical examples, the standing vortex problem and lid-driven cavity flow are investigated with respect to the numerical accuracy and stability of bubble function element stabilization method.
Basic Equations
The basic equations that govern incompressible viscous flow are written as the following NavierStokes equations and the continuity equation in non- Eq. (5) is separated into the linear and bubble function interpolations as follows.
The th-Power Bubble Function
The th-power bubble functions are defined using isoparametric coordinates {r, s} and {r, s, t} as shown in Fig. 3 . The three triangles w1-w3 and the four tetrahedra w1-w4 are divided at the barycenter. The (2) The Steady Problem Let us consider the case of a steady problem,
thus,
Finite element equations (34) and (35) (40)
Hence, Eqs. (38) and (39) can be expressed as follows.
These approximations are equivalent to those of the SUPG/PSPG method6).
3. 
where (50) he is the element length6). 
Two dimensions:
Three dimensions: In the three-level bubble function, the concrete shape of the bubble function does not make sense because condition equations (64) and (65) are the key to deriving a stabilized operator control term. 
The consistent pressure-poisson equation (79) Element-by-element BiCGstab method with scaling is used to solve simultaneous equations (77) and (78), and element-by-element CG method with scaling is used to solve simultaneous equation (79). 
Conclusions
The relationship between stabilized finite element method and orthogonal basis bubble function element stabilization method was described for the unsteady and steady Navier-Stokes equations in this paper. The bubble function element stabilization method can be regarded as a multiscale(adjoint)-type stabilized finite element method. The two-level partition with a two-level bubble function was used for the finite element solution and the three-level partition with a three-level bubble function was used for the weighting function. The bubble function that orthogonally intersects the basis functions of the bubble function element was adopted as the two-level bubble function and the stabilized operator control term was derived from the three-level bubble function. The fractional step method for incompressible viscous flow based on 
